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Preface
Thank you for choosing ACTEX.

In 2022, the SoA launched Exam ALTAM (Advanced Long-Term Actuarial Mathematics). This
exam replaces part of Exam LTAM that was offered in the past and includes some topics that
were not examined in the SoA curriculum before.

To help you prepare for Exam ALTAM, ACTEX developed this brand new study manual,
written by Professors Johnny Li and Andrew Ng who have deep knowledge in the exam topics.
They have published several articles in top-tier academic journals on variable annuity guarantees
– a topic that is newly introduced to the SoA curriculum through Exam ALTAM.

The learning outcomes stated in the syllabus of Exam ALTAM require candidates to be able
to interpret a lot of actuarial concepts. This skill is drilled extensively in our practice problems,
which often ask you to interpret a certain actuarial formula or to explain your calculation.
Also, in Exam ALTAM you may be asked to define or describe a certain product, model or
terminology. To help you prepare for this type of questions, we provide you with the definitions
and descriptions of various products and terminologies throughout the study manual.

Proofs and derivations are another key challenge. In Exam ALTAM, you are highly likely to be
asked to prove or derive something. You are expected to know, for example, how to derive the
Kolmogorov forward differential equations for a certain transition probability. In this new study
manual, we do teach (and drill) you how to prove or derive important formulas. This is in stark
contrast to some other exam prep products in which proofs and derivations are downplayed, if
not omitted.

Besides the topics specified in the exam syllabus, you also need to know a range of numerical
techniques, for example, Euler’s method and Simpson’s rule, in order to succeed. We know that
you may not have even seen these techniques before, so we have prepared a special chapter
(Appendix 1) to teach you all of the numerical techniques required for Exam ALTAM. In
addition, whenever a numerical technique is used, we clearly point out which technique it is,
letting you follow our examples and exercises more easily.

Other distinguishing features of this study manual include:

• We use graphics extensively. Graphical illustrations are probably the most effective way
to explain formulas involved in Exam ALTAM. The extensive use of graphics can also
help you remember various concepts and equations.

• A sleek layout is used. The font size and spacing are chosen to let you feel more comfortable
in reading. Important equations are displayed in eye-catching boxes.

• A unique pedagogical flow is adopted. For instance, in contrast to Actuarial Mathematics
for Life Contingent Risks, we cover discrete-time Markov Chains before continuous-time
Markov Chains (which involves a lot of calculus). We believe that it is more effective to
learn easier topics before difficult ones.

• Rather than splitting the manual into tiny units, each of which tells you a couple of for-
mulas only, we have carefully grouped the exam topics into 10 chapters and 2 appendices.
Such a grouping allows you to more easily identify the linkages between different concepts,
which are essential for your success as multiple learning outcomes can be examined in one
single exam question.
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xiv Preface

• Instead of giving you a long list of formulas, we point out which formulas are the most
important. Having read this study manual, you will be able to identify the formulas you
must remember and the formulas that are just variants of the key ones.

• We do not want to overwhelm you with verbose explanations. Whenever possible, concepts
and techniques are demonstrated with examples and integrated into the practice problems.

• We explain multiple-state models in great depth. A solid understanding of multiple-state
models is crucially important, because many of the learning objectives in Exam ALTAM
are related to multiple-state models.

• We teach you how to make tedious retiree health benefit calculations more manageable
by using a tabular approach. Also, whenever possible, multiple methods (direct methods
and computationally efficient algorithms) are presented.

• We group materials related to profit testing into one single chapter. This arrangement
will help you more easily understand profit testing concepts and techniques.

The following flowchart shows how different chapters of this manual are connected to one
another.
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Valuation 
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Insurance 
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0. Thiele’s  
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xv

You should first study Chapters 1 to 4 in order. These four chapters will build you a solid
foundation. You may continue with the following three paths in any order you wish: (i) Chapter
6, (ii) Chapters 5, 7 and 8, and (iii) Chapters 5, 9 and 10. Immediately after reading a chapter,
do all practice problems we provide for that chapter. Make sure that you understand every
single practice problem. Finally, work on the mock exams.

Before you begin your study, please download and read the exam syllabus from the SoA’s
website:

https://www.soa.org/education/exam-req/edu-exam-altam/

You should also check the exam home page periodically for updates, corrections or notices.

If you find a possible error in this manual, please let us know at the “Customer Feedback” link
on the ACTEX homepage (www.actexmadriver.com). Any confirmed errata will be posted on
the ACTEX website under the “Errata & Updates” link.

Enjoy your study!
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Chapter 2

Multiple State Models Part I:
Transition Probabilities

Objectives
1. To state the assumptions underlying a multiple state model

2. To understand discrete-time Markov chain and related APV calculations

3. To calculate transition and occupancy probabilities for continuous-time Markov chain

4. To estimate transition intensities of a continuous-time Markov chain when transition
intensities are piece-wise constant

In this chapter, we discuss multiple state models. We shall see how various non-traditional
insurances can be analyzed under the framework of multiple state models.

Before we talk about the setting of a multiple state model, let us review the single decrement
model in Exam FAM-L.

The Single Decrement Model
In the ordinary single decrement model, there are two states, alive (0) and dead (1):

Model 1: The Single Decrement Model

The single decrement model is characterized by the force of mortality:

µx+t =
d
dtFx(t)
Sx(t)

= 1
Sx(t)

lim
h→0

t+hqx − tqx

h
= lim

h→0

Pr(t < Tx ⩽ t + h)
h Pr(Tx > t)

= lim
h→0

hqx+t

h

The probability for (x) to stay in state 0 (alive) for a period of length t is

tpx = exp
(

−
∫ t

0
µx+sds

)
.

The probability for (x) to enter state 1 (dead) on or before time t is tqx =
∫ t

0
spxµx+s ds.
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70 Chapter 2 Multiple State Models Part I: Transition Probabilities

The Double Decrement Model
In many practical applications, benefits can dependent on the underlying cause of death. In
a double decrement model, we model 2 modes of decrements. Take for an example, a life can
die due to accidental death, and death due to other causes. There are two different “forces of
mortality” that would cause death to happen. We can use three states to model the status of
the life. As in the single decrement model, we use (0) for alive, (1) for death due to accident,
and (2) for death due to other means:

Model 2: The Double Decrement Model

In this model, we are interested in the joint distribution of

(1) the time for the individual to leave state 0,

(2) the state that the individual would enter after leaving state 0.

Another practical example for a double decrement model is to model surrender. If death occurs,
then a death benefit is paid, and if the insured fails to make a premium, then the policy is said
to be lapsed or withdrawn, and the insured is only entitled to a cash value (Which can be zero
if surrender happens in early years).

There are two notable differences between this model and the accidental death model. Firstly,
while the insured is still alive after entering state 1, we do not specify what kind of force
of mortality would he or she be subject to. Secondly, lapse, unlike death, does not happen
continuously. An insured would only surrender immediately before a premium is due!
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2.1 Discrete-time Markov Chain 71

The Disability Income Model
A multiple state model models the transition rates between states. Transition to any state can
be reversible or irreversible. Consider the following disability income model:

Model 3: The Disability Income Model

In this model, the insured can switch between state 0 and state 1. However, transition to state
2 is irreversible. We can change the above to a permanent disability model by disallowing
transition from state 1 back to state 0.

In this chapter we want to analyze models with structures similar to Model 3. We shall first
discuss a simple version, where state changes can only occurs at the end of each period. Then
we shall discuss the more general case when state changes can occur any time. Finally, we will
discuss two very important special cases which were developed a long time before the framework
of multiple state model was introduced into actuarial literature.

Note: In this chapter, some of the materials depend on numerical techniques discussed in Ap-
pendix A1. You may refer to the appendix for numerical integration when you read Section 2.3
and numerical solution to ordinary differential equation when you read section 2.4.

2.1 Discrete-time Markov Chain
In this section we discuss discrete-time Markov chain, a model for which transitions can only
occur at the end of each period. Such a model is useful in modeling health status, bonus-malus
(Latin for good-bad) system and credit rating in group health and non-life insurances. Let the
state at time t be Yt. Let the state space, which is the set of all possible states, be E. For
example, in the disability income model above, we have E = {0, 1, 2} and Y0 = 0. As time
progresses, Y switches between 0 and 1 and finally gets stuck in state 2. The following figure
shows one of the possible paths of Y .
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72 Chapter 2 Multiple State Models Part I: Transition Probabilities

Transition Probability Matrix and the Markov Property
For a discrete-time Markov chain, we assume that when the process is in state i at time
t, the probability that it would transition to be in state j at time t + 1 is pij

t . That is,
Pr
(
Yt+1 = j | Yt = i

)
= pij

t . It is customary to place all probabilities into a transition prob-
ability matrix:

Pt =



p00
t p01

t p02
t · · · p0n

t

p10
t p11

t p12
t · · · p1n

t

p20
t p21

t p22
t · · · p2n

t

...
...

... . . . ...
pn0

t pn1
t pn2

t · · · pnn
t


This is called a one-step transition probability matrix as it only shows the probability of transi-
tion within 1 year. To model transitions in multiple years we need to have a series of probability
matrices. We will discuss this in the next example.

Let us go back to the one-step transition probabilities. The sum of the probabilities on each
row is 1. Moreover, we assume for any t ≥ 0 and i, j ∈ E.

The Markov Property

Pr
(
Yt+1 = j | Yt = i, Yt−1 = it−1, Yt−2 = it−2, . . .

)
= Pr

(
Yt+1 = j | Yt = i

)
This above says that the conditional distribution of any future state Yt+1, given the past states
{Y0, Y1, . . . , Yt−1} and the present state Yt, depends only on the present state Yt but not the
past states. Loosely speaking, “Markov” means given the present, you can forget about the
past!

If Pt is constant with t, the Markov chain is said to be homogeneous. If Pt is time-dependent,
the Markov chain is said to be inhomogeneous.
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2.1 Discrete-time Markov Chain 73

In many actuarial applications, there would be one or more states that cannot be left once
entered (examples include withdrawal, death, and bankruptcy). If you look at the following
3-state transition probability matrix:



0 1 2

0 0.7 0.1 0.2

1 0.3 0.6 0.1

2 0 0 1


then state 2 cannot be left once it is entered. Such a state is called an absorbing state.

For an absorbing state, all elements in the row, except the one in the main diagonal, are
0. The one in the main diagonal is 1.

Example 2.1.
 

 

An insurance company classifies its insureds based on each insured’s
credit rating, as one of Preferred, Standard or Poor. Individual transition between classes
is modeled by the following transition matrix:



Preferred Standard Poor
Preferred 0.95 0.04 0.01

Standard 0.15 0.80 0.05

Poor 0.00 0.25 0.75


Calculate the probability that an insured who is “Standard” at time 0 would end up in
“Poor” after 2 years. This is called a 2-step transition probability.

Solution: We list out all possible paths:

Path Probability

Standard → Preferred → Poor 0.15 × 0.01 = 0.0015
Standard → Standard → Poor 0.8 × 0.05 = 0.04
Standard → Poor → Poor 0.05 × 0.75 = 0.0375

Sum 0.079

Similarly, we can calculate the probability that an insured who is “Standard” at time 0 would
end up in “Preferred” after 2 years:

Path Probability

Standard → Preferred → Preferred 0.15 × 0.95 = 0.1425
Standard → Standard → Preferred 0.8 × 0.15 = 0.12
Standard → Poor → Preferred 0.05 × 0 = 0

Sum 0.2625
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74 Chapter 2 Multiple State Models Part I: Transition Probabilities

What is the probability for the insured to be in the state of “Standard” after 2 years? It is
simply

1 − 0.079 − 0.2625 = 0.6585.

Actually there is a very efficient way to calculate such probabilities if you know some elementary
matrix algebra:

In case you have forgotten about matrix multiplication, read the following short example:

If A =

 1 0 3

−1 7 −5

, B =


2 1

−1 −2

−4 3

, then

AB =

 (1)(2) + (0)(−1) + (3)(−4) (1)(1) + (0)(−2) + (3)(3)

(−1)(2) + (7)(−1) + (−5)(−4) (−1)(1) + (7)(−2) + (−5)(3)

 =

−10 10

11 −30

.

In this chapter we would frequently calculate the product of two square matrices. Remember
that for two square matrices A and B, the products AB and BA can be different!

Now let us look at
0.95 0.04 0.01

0.15 0.8 0.05

0 0.25 0.75




0.95 0.04 0.01

0.15 0.8 0.05

0 0.25 0.75

 =


0.9085 0.0725 0.019

0.2625 0.6585 0.079

0.0375 0.3875 0.575

.

What can you find from the matrix on the right? The 2-step transition probabilities are all in
the second row of the matrix product P × P = P2. If we want to find

Pr
(
Yt+2 = j | Yt = i

)
= 2pij

t ,

then we can simply look at the ij-th element of the matrix P2. So, P2 is the 2-step transition
matrix. More generally, if we want to find

Pr
(
Yx+s = j | Yx = i

)
= spij

x ,

we only need to look up the ij-th element in sPx = PxPx+1 . . . Px+s−1.

This result is a generalization of the relation spx = pxpx+1px+2 · · · px+s−1.
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2.1 Discrete-time Markov Chain 75

The above implies

The Chapman-Kolmorogov (CK) Equation

t+sPx = tPx sPx+t

A word of caution: The order of multiplication on the right hand side of the CK equation
matters!

Example 2.2.
 

 

[MLC Sample #151] For a multiple state model with three states,
Healthy (0), Disabled (1), and Dead (2):

(i) For k = 0, 1:
p00

x+k = 0.7, p01
x+k = 0.2, p10

x+k = 0.1, p12
x+k = 0.25

(ii) There are 100 lives at the start, all Healthy. Their future states are independent.

Calculate the variance of the number of the original 100 lives who die within the first two
years.

(A) 11 (B) 14 (C) 17 (D) 20 (E) 23

Solution: We are given the following information: Px = Px+1 =


0.7 0.2 ?

0.1 ? 0.25

? ? ?

.

Since state 2 is an absorbing state, the last row must be [0 0 1]. By using the property that
each row of a transition probability matrix sums to 1, we get:

Px = Px+1 =


0.7 0.2 0.1

0.1 0.65 0.25

0 0 1

.

By the CK equation,

2Px = PxPx+1 =


0.7 0.2 0.1

0.1 0.65 0.25

0 0 1




0.7 0.2 0.1

0.1 0.65 0.25

0 0 1

 =


? ? 0.22

? ? ?

0 0 1

,

where 0.22 = 0.7 × 0.1 + 0.2 × 0.25 + 0.1 × 1.
For a single life, the probability that he would die within the first two years is 0.22. If there
are 100 independent lives, we let 2D0 as the number of deaths within the first two years.
Then

2D0 ∼ B(100, 0.22)
(B(n, p) here means a binomial distribution with number of trials n and probability of
success p) and hence the variance is Var(2D0) = 100 × 0.22 × (1 − 0.22) = 17.
So the correct answer is (C).
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76 Chapter 2 Multiple State Models Part I: Transition Probabilities

Calculating APV of Cash Flows
There are mainly two kinds of cash flows associated with discrete-time Markov chain:

(1) Cash flow arising from being in a particular state.

(2) Cash flow arising from a transition from one state to another.

It is easy to calculate APV of cash flows under a discrete-time Markov chain model. Study the
following example:

Example 2.3.
 

 

Consider a homogenous discrete-time Markov chain with P =

0.4 0.6

0.8 0.2

.
The state space is E = {0, 1}. The subject in now in state 0, and i = 5%.

(a) Suppose that there is a cash flow of 1 for being in state 0 now and the beginning of
the next two years. Find the actuarial present value of the cash flow streams.

(b) Suppose that there is a cash flow of 1 if transition from state 1 to state 0 occurs at
the end of the first, second and the third year. Find the actuarial present value of the
cash flow streams.

Solution:

(a) We calculate the probabilities of being in State 0 at time 1 and time 2:
Pr
(
Y1 = 0 | Y0 = 0

)
= p00

0 = 0.4,

Pr
(
Y2 = 0 | Y0 = 0

)
= 2p00

0 = Pr(0 → 0 → 0) + Pr(0 → 1 → 0)
= 0.4 × 0.4 + 0.6 × 0.8 = 0.64.

Thus, the APV of the cash flow streams is 1 + 0.4
1.05

+ 0.64
1.052 = 1.96145.

(b) Similarly,
Pr
(
Y0 = 1, Y1 = 0 | Y0 = 0

)
= 0,

Pr
(
Y1 = 1, Y2 = 0 | Y0 = 0

)
= Pr(0 → 1 → 0) = 0.6 × 0.8 = 0.48,

Pr
(
Y2 = 1, Y3 = 0 | Y0 = 0

)
= Pr

(
Y2 = 1 | Y0 = 0

)
Pr
(
Y3 = 0 | Y2 = 1

)
= (1 − 0.64) × 0.8 = 0.288.

The APV required is 0.48
1.052 + 0.288

1.053 = 0.684159.
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2.1 Discrete-time Markov Chain 77

Calculating Premiums and Policy Values
Premiums and policy values can likewise be calculated as in Exam FAM-L.

Example 2.4.
 

 

You are given the following homogenous Markov chain model with three
states, namely Healthy (0), Disabled (1), and Dead (2). Transition between states occurs at
the end of the year. The probabilities of moving among these various states are summarized
by the transition matrix below:

P =


0.6 0.3 0.1

0 0.6 0.4

0 0 1


An insurance company issues a 3-year insurance. A death benefit of $1,000 is payable at
the end of the year of death. Level annual premium is payable for 3 years or until death,
whichever occurs first, except that the premium is waived in state 1. Use i = 6%.

(a) Find the net level premium for an insured healthy at issue (t = 0).

(b) Using the premium calculated in (a), calculate the net premium policy value at t = 1
for

(i) an insured healthy at t = 1, originally healthy at t = 0, and

(ii) an insured disabled at t = 1, originally healthy at t = 0.

Solution:

(a) Notice that once the insured enters state 1, he/she cannot go back to state 0. Also,
state 2 is an absorbing state. So it is a permanent disability model.

Pr
(
Y1 = 0 | Y0 = 0

)
= p00

0 = 0.6
Pr
(
Y2 = 0 | Y0 = 0

)
= Pr(0 → 0 → 0) = 0.6 × 0.6 = 0.36

APV, at time 0, of premiums = P
(
1 + 0.6

1.06 + 0.36
1.062

)
= 1.886436P

Pr
(
Y1 = 2 | Y0 = 0

)
= p02

0 = 0.1
Pr
(
Y2 = 2, Y1 ̸= 2 | Y0 = 0

)
= Pr(0 → 0 → 2) + Pr(0 → 1 → 2)
= 0.6 × 0.1 + 0.3 × 0.4 = 0.18

Pr
(
Y3 = 2, Y1 ̸= 2, Y2 ̸= 2 | Y0 = 0

)
= Pr(0 → 0 → 0 → 2) + Pr(0 → 0 → 1 → 2) + Pr(0 → 1 → 1 → 2)
= 0.6 × 0.6 × 0.1 + 0.6 × 0.3 × 0.4 + 0.3 × 0.6 × 0.4 = 0.18

APV, at time 0, of benefits = 1000
(

0.1
1.06 + 0.18

1.062 + 0.18
1.063

)
= 405.6704528.

By the equivalence principle, we get P = 405.6704528/1.886436 = 215.0459.
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78 Chapter 2 Multiple State Models Part I: Transition Probabilities

(b) (i) If the insured is healthy at time 1, then
Pr
(
Y2 = 2 | Y1 = 0

)
= p02

0 = 0.1
Pr
(
Y3 = 2, Y2 ̸= 2 | Y1 = 0

)
= Pr

(
Y2 = 2, Y1 ̸= 2 | Y0 = 0

)
= 0.18 (from (a))

1V (0) = 1000 ×
( 0.1

1.06
+ 0.18

1.062

)
− P

(
1 + 0.6

1.06

)
= −82.2310

Note again that negative policy value is possible.

(ii) If the insured is disabled at time 1, he/she can never be healthy again and there
is no further premiums payable.

Pr
(
Y2 = 2 | Y1 = 1

)
= 0.4

Pr
(
Y3 = 2, Y2 ̸= 2 | Y1 = 1

)
= Pr(1 → 1 → 2) = 0.6 × 0.4 = 0.24

1V (1) = 1000 ×
( 0.4

1.06
+ 0.24

1.062

)
= 590.9576.

Let π
(j)
h and hV (j) be the net premium and net premium policy value at time h when Yh = j,

and b
(jk)
h+1 be the benefit payable at time h + 1 when a transition from state j to state k happens

at the end of the period (h, h + 1). Then a similar argument as in the single decrement model
gives the “recursion” formula

(hV (j) + π
(j)
h )(1 + i) =

∑
k ̸=j

(b(jk)
h+1 + h+1V (k))pjk

x+h + pjj
x+h h+1V (j).

The essence of this formula is that when the insured transitions to state k, the insurance
company has to pay the benefit b

(jk)
h+1 as well as hold the policy value for state k. Unless state

k causes the contract to expire, such policy value can be non-zero. Notice that here we assume
cash inflows and outflows only happen at the beginning and at the end of the period, and that
there is no benefit payable if the insured stays in state j. If a benefit of amount b

(jj)
h+1 is payable

when there is no change in state, then we can even write

(hV (j) + π
(j)
h )(1 + i) =

∑
k

(b(jk)
h+1 + h+1V (k))pjk

x+h.

Example 2.5.
 

 

(Example 2.4 Continued) Compute all the policy values at time 1
and time 2 using a recursive calculation.

Solution: For this model, b
(jk)
t+1 = 1000, for (jk) = (0, 2) and (1, 2), and is zero otherwise.

We start at time 3. Obviously, 3V (0) = 3V (1) = 3V (2) = 0. Then we look at time 2. We have
2V (2) = 0,

(2V (1) + 0) × 1.06 = 0.6(0 + 3V (1)) + 0.4(1000 + 3V (2)) = 0.6 × 0 + 0.4 × 1000
=⇒ 2V (1) = 400/1.06 = 377.3585

(2V (0) + 215.0459) × 1.06 = 0.6(0 + 3V (0)) + 0.3(0 + 3V (1)) + 0.1(1000 + 3V (2)) = 100
=⇒ 2V (0) = 100/1.06 − 215.0459 = −120.7063

(Again a negative policy value is possible!)
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2.6 Exercise 2

Section 2.1 Discrete-time Markov Chain

1.
 

 

Consider the transition matrix P =

 0.4 0.6

0.8 0.2

 in Example 2.3 and assume that i = 6%.

A subject is in state 1 at time 3. There are possible cash flows of k + 1 for transition from
state 1 at time k to state 0 at time k + 1 for 3 ≤ k ≤ 5.

(a) A net premium P is paid at each of the times 3,4, and 5, provided that the subject is
in state 1 at that time. Find P .

(b) Given that the subject is in state 1 at time 4, find the net premium policy value. Repeat
if the subject is in state 0 at time 4.

2.
 

 

(MLC Sample #152) An insurance company issues a special 3-year insurance to a high
risk individual (x). You are given the following multiple state model:

(i) State 1: active
State 2: disabled
State 3: withdrawn
State 4: dead

Annual transition probabilities for k = 0, 1, 2:

i p i1
x+k p i2

x+k p i3
x+k p i4

x+k

1 0.4 0.2 0.3 0.1
2 0.2 0.5 0.0 0.3
3 0 0 1 0
4 0 0 0 1

(ii) The death benefit is 1000, payable at the end of the year of death.

(iii) i = 0.05

(iv) The insured is disabled (in State 2) at the beginning of year 2.

Calculate the expected present value of the prospective death benefits at the beginning of
year 2.

(A) 440 (B) 528 (C) 634 (D) 712 (E) 803
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3. (MLC Sample #181) For a multiple state model of a special 3-year term insurance on
(x):

(i) Insureds may be in one of three states at the beginning of each year: active (State 0 ),
disabled (State 1), or dead (State 2). The annual transition probabilities are as follows
for k = 0, 1, 2:

i p i0
x+k p i1

x+k p i2
x+k

Active (0) 0.8 0.1 0.1

Disabled (1) 0.1 0.7 0.2

Dead (2) 0 0 1

(ii) A 100,000 benefit is payable at the end of the year of death whether the insured was
active or disable.

(iii) Premiums are paid at the beginning of each year when active. Insureds do not pay any
annual premiums when they are disabled at the start of the year.

(iv) d = 0.10

Calculate the net level annual premium for this insurance.

(A) 9,000 (B) 10,700 (C) 11,800 (D) 13,200 (E) 20,800
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2.7 Solutions to Exercise 2
1. (a) Pr(Y4 = 1 | Y3 = 1) = 0.2,

Pr(Y5 = 1 | Y3 = 1) = Pr(1 → 1 → 1) + Pr(1 → 0 → 1) = 0.22 + 0.8 × 0.6 = 0.52

APV, at time 3, of premiums = P
(
1 + 0.2

1.06 + 0.52
1.062

)
= 1.651477P

Pr(Y4 = 0, Y3 = 1 | Y3 = 1) = 0.8
Pr(Y5 = 0, Y4 = 1 | Y3 = 1) = Pr(1 → 1 → 0) = 0.2 × 0.8 = 0.16
Pr(Y6 = 0, Y5 = 1 | Y3 = 1) = Pr(1 → 1 → 1 → 0) + Pr(1 → 0 → 1 → 0)

= 0.2 × 0.2 × 0.8 + 0.8 × 0.6 × 0.8 = 0.416

APV, at time 3, of benefits = 4 × 0.8
1.06 + 5 × 0.16

1.062 + 6 × 0.416
1.063 = 5.8265548

So, P = 3.528087.

(b) APV, at time 4, of future premiums = P
(
1 + 0.2

1.06

)
= 1.188679P = 4.193763

APV, at time 4, of future benefits = 5 × 0.8
1.06 + 6 × 0.2×0.8

1.062 = 4.627982

Policy value = 4.627982 − 4.193763 = 0.43422

If the subject is in state 0 at time 4,
Policy value = 6 × 0.6×0.8

1.062 − P 0.6
1.06 = 0.56616.

2. Both state 3 and state 4 are absorbing states. If the insured enters state 3, then there is no
benefit in the future.

Beginning of year 2 means t = 1.

Pr(Y2 = 4 | Y1 = 2) = p24
x+1 = 0.3.

Pr(Y3 = 4 | Y1 = 2) = Pr(2 → 1 → 4) + Pr(2 → 2 → 4)
= p21

x+1p14
x+2 + p22

x+1p24
x+2 = 0.2 × 0.1 + 0.5 × 0.3 = 0.17.

The APV is 1000
(

0.3
1.05 + 0.17

1.052

)
= 439.91. So the answer is (A).

3. v = 1 − d = 0.9. We first calculate the APV of the premiums:

Pr(Y1 = 0 | Y0 = 0) = 0.8
Pr(Y2 = 0 | Y0 = 0) = Pr(0 → 0 → 0) + Pr(0 → 1 → 0) = 0.82 + 0.1 × 0.1 = 0.65.

The APV of premiums is P (1 + 0.8v + 0.65v2) = 2.2465P .

Then we calculate the APV of benefits:

Pr(Y1 = 2 | Y0 = 0) = 0.1,
Pr(Y2 = 2, Y1 ̸= 2 | Y0 = 0) = Pr(0 → 0 → 2) + Pr(0 → 1 → 2) = 0.8 × 0.1 + 0.1 × 0.2 = 0.1,
Pr(Y3 = 2, Y2 ̸= 2, Y1 ̸= 2 | Y0 = 0)
= Pr(0 → 0 → 0 → 2) + Pr(0 → 0 → 1 → 2) + Pr(0 → 1 → 1 → 2) + Pr(0 → 1 → 0 → 2)
= 0.82 × 0.1 + 0.8 × 0.1 × 0.2 + 0.1 × 0.7 × 0.2 + 0.1 × 0.1 × 0.1 = 0.095

The APV of benefits is 100,000(0.1v + 0.1v2 + 0.095v3) = 24025.5.

By the equivalence principle, the net level premium is 24025.5/2.2465 = 10694.6. So the
answer is (B).
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