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Preface

This study guide covers the material in the Casualty Actuarial Society (CAS) Exam Modern Actuarial

Statistics - II. To get the most current examination syllabus, start with http://www.casact.org and

browse under “SYLLABUS OF BASIC EDUCATION””.

This study guide consists of four parts, which cover the four topics listed in the syllabus. The topics, the

textbook references, and the weights are shown below.

Part A. Introduction to Credibility 10%

Tse, Nonlife Actuarial Models 6.1 - 6.3, 7.1 - 7.4, 8.1 - 8.2, 9.1, 9.2

Part B. Linear Mixed Models 25%

(i) West, Linear Mixed Models 1 - 8 (excluding 2.9.6), and Appendix B

(ii) Notes on Shrinkage

Part C. Bayesian Analysis and Markov Chain Monte Carlo 50%

(i) McElreath, Statistical Rethinking Chapters 1, 2 (excluding 2.1), 3, 4, 5, 7, 8.1, 9, 11,

12, 13, 14 (excluding 14.3, 14.4, and 14.5.2)

(ii) Ford

Part D. Statistical Learning

James, et al., An Introduction to Statistical Learning 2.2.3, 8, 10 15%

Part E consists of three 42-question practice sets. These questions are exam style questions to practice for

your next CAS MAS-II exam.

Part F consists of detail solutions of the Sample Questions, Fall 2018 Exam, Spring 2019 Exam and Fall

2019 Exam.

Please feel free to contact support@actexmadriver.com if you see something that is incorrect or unclear.

xi



Chapter 2

Limited Fluctuation Credibility - Partial

Credibility

If the expected or observed number of claims is less than the standard for full credibility, then full credibility

is not attained. In this case, a value of Z < 1 has to be determined and the updated prediction is

U = Z D + (1− Z)M .

For the claim frequency, we require that the probability of (Z × N) lying within the interval (ZµN −
kµN , ZµN + kµN) is 1− α for a given k:

Pr(ZµN − k µN ≤ Z N ≤ ZµN + k µN) = 1− α

=⇒ Pr

(−k µN
ZσN

≤ N − µN
σN

≤ k µN
ZσN

)
= 1− α.

Recall that c = σ2
N/µN . Applying the normal approximation, we have

k µN
ZσN

= z1−α/2 =⇒ k µN
Z
√
µN · c

= z1−α/2 =⇒ Z =

(
k

z1−α/2

)√
µN
c

=

√
µN
λF · c

=

√
µN
n0

The partial credibility factors for claim severity, aggregate loss, and pure premium can be derived in a

similar way. See Eq. (1.4) for the the value of c in the (a, b, 0) class.

The partial credibility factors for claim frequency, claim severity, aggregate loss, and pure premium are

summarized below.

Claim Frequency:

Z =

√
µN
n0

=

√
µN
λF · c

=

√√√√ µN(
z1−α/2
k

)2 (σ2
N
µN

) (2.1)

Claim Severity:

Z =

√
N

n0
=

√
N

λF C2
X

(2.2)
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38 CHAPTER 2. LIMITED FLUCTUATION CREDIBILITY - PARTIAL CREDIBILITY

Aggregate Loss and Pure Premium:

Z =

√
µN
n0

=

√
µN

λF (c+ C2
X

=

√√√√ µN

λF

(
σ2
N
µN

+ C2
X

) (2.3)

It is also called the square-root rule. Within the square root, the denominator is the standard for full

credibility of the corresponding risk measure, and the numerator, µN or N , is observed from data. µN is

the expected number of claims coming from the data, and N is the observed number of claims. If µN can

not be calculated from the data, then the observed number of claims can be used to calculate the partial

credibility factor. Note that if the ratio is greater than 1, then full credibility is attained and Z = 1.

Example 2.1.*a A block of insurance policies had 896 claims this period with mean loss of 45 and

variance of loss of 5,067. Full credibility is based on a coverage probability of 98% for a range of

within 10% deviation from the true mean. The mean frequency of claims is 0.09 per policy and the

block has 18,600 policies. Calculate Z for the claim frequency for the next period.

aNonlife Actuarial Models, Example 6.11

Solution. The expected claim frequency for the block of policies is µN = (18, 600)(0.09) = 1, 674.

No frequency distribution is named, so a Poisson frequency distribution is assumed. Since z1−α/2 =

Φ−1(0.99) = 2.326 and k = 10%, the full-credibility standard for claim frequency is n0 = λF =

(2.326/0.1)2 = 542. Since µN > λF , full credibility is attained for claim frequency and Z = 1.

Example 2.2.* (continued) A block of insurance policies had 896 claims this period with mean loss

of 45 and variance of loss of 5,067. Full credibility is based on a coverage probability of 98% for a

range of within 10% deviation from the true mean. The mean frequency of claims is 0.09 per policy

and the block has 18,600 policies. Calculate Z for the claim severity for the next period.

Solution. Assuming a Poisson frequency distribution, the standard for full credibility for claim

severity is

n0 = λF C
2
X =

(
2.326

0.1

)2(5, 067

452

)
= 1, 357.

The block had N = 896 claims this period. Therefore, the partial credibility factor is

Z =

√
N

λF C2
X

=

√
896

1, 357
= 0.813.

Example 2.3.** Claim severity has mean 342 and standard deviation 408. An insurance company

has 75,000 insurance policies. Using the classical credibility approach with coverage probability of

95% to within 5% of the aggregate loss, determine the credibility factor Z if the average claim per

policy is 4%.
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Solution. For 95% coverage probability, α = 1 − 0.95 = 0.05 and thus z1−α/2 = z0.975 =

Φ−1(0.975) = 1.96. We are given µX = 342, σX = 408. The frequency distribution isn’t men-

tioned, so we assume a Poisson distribution. For k = 0.05, the standard for full credibility for

aggregate loss is

n0 = λF (1 + C2
X) =

(
1.96

0.05

)2(
1 +

(408)2

(342)2

)
= 3, 724.

The expected number of claims is µN = (75, 000)(4%) = 3, 000 and the credibility factor is

Z =

√
µN

λF (1 + C2
X)

=

√
3, 000

3, 724
= 0.898.

Example 2.4.** (continued) The premium currently used to reflect a pure premium per policy is

M = 14. The pure premium experienced during the past year has an average of D = 20 per policy.

Using the limited fluctuation credibility approach, what pure premium per policy should be reflected

in the new rates?

Solution. The credibility factor is Z = 0.898 from the previous example. For M = 14 and D = 20,

the new rate is U = Z D + (1− Z)M = (0.898)(20) + (1− 0.898)(14) = 19.388.

Example 2.5.*** You’re reviewing some work from a former co-worker and notice that they didn’t

write down one of their underlying assumptions. Since this person no longer works for the company,

you can’t just ask them for it, but instead have to retrace their steps to figure it out. Here is the

information that you know:

(i) The number of claims per policy follows a negative binomial distribution with r = 3 and

β = 0.5.

(ii) Claim sizes follow an exponential distribution with mean 1,000.

(iii) The number of claims and claim sizes are independent.

(iv) 1,500 policies were observed and generated 2,000 claims totalling $3 million in losses.

(v) Using limited fluctuation credibility and k = 0.02, the predicted aggregate losses for the 1,500

policies was $2.475 million.

(vi) The expected aggregate losses were used for the manual rate.

What was the coverage probability used for this analysis?

Solution. Use equation (1.1) to find Z, where U = 2, 475, 000, D = 3, 000, 000, and M equals the

expected aggregate losses from the 1,500 policies. Using the given distributions, we have

M = 1500µNµX = 1500(3)(0.5)(1000) = 2, 250, 000
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40 CHAPTER 2. LIMITED FLUCTUATION CREDIBILITY - PARTIAL CREDIBILITY

and

U = Z D + (1− Z)M =⇒ U = Z(D −M) +M

=⇒ 2, 475, 000 = Z(3, 000, 000− 2, 250, 000) + 2, 250, 000

=⇒ Z = 0.3.

Because aggregate losses were being predicted, then equation (2.3) must have been used to calculate

Z. We’re given the distribution for the frequency per policy and can create the distribution for the

frequency for 1,500 policies (by multiplying r by 1,500), but the results will be the same regardless

of which frequency distribution is used. For consistent notation, we’ll use the frequency distribution

for all 1,500 policies. From the MAS-II Tables, we get

C2
X =

σ2
X

µ2
X

=
E(X2)− µ2

X

µ2
X

=
2 · θ2 − θ2

θ2
=
θ2

θ2
= 1

For equation (2.3), we need to use the expected number of claims from the policies in the numerator.

Note : An easy mistake to make here would be to use the observed number of claims instead of the

expected number of claims for the credibility factor. From Eq. (1.4) we have c = 1 + β. Putting

this together, we use equation (2.3) to find z1−α/2

Z =

√√√√ µN(
z1−α/2
k

)2 (
c+ C2

X

)
=⇒ 0.3 =

√√√√ 2, 250(
z1−α/2

0.02

)2
(1 + 0.5 + 1)

=⇒ z1−α/2 = 2

Looking at the Normal table in the MAS-II Tables, we see that 1 − α/2 = 0.9772, which implies

α = 4.56% and the coverage probability is 95.44%.

Recap: Partial credibility factors:

Example 2.1: Calculate Z for the claim frequency: Z =

√
µN
λF

Example 2.2: Calculate Z for the claim severity: Z =

√
N

λF C2
X

Example 2.3: Calculate Z for the aggregate loss: Z =
√

µN
λF + λF C2

X

Example 2.4: Calculate the updated prediction using Z.

Example 2.5: Calculate the coverage probability (negative binomial + exponential case).
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Summary

The main topic of this chapter is to calculate the Updated prediction U :

U = Z D + (1− Z)M,

where D is based on the recent claim experience Data, M is based on a rate specified in the Manual, and

the weight Z is the credibility factor.

When the sample size is large enough, we assign full credibility Z = 1, and thus U = D (i.e., the updated

predication = the observed data). If not, we apply the square-root rule for partial credibility. Table 2.1

summarizes the formulas of partial-credibility factors for the four risk measures.

Things to remember:

(i) The standard for full credibility for aggregate loss and that for pure premium are the same.

(ii) The standard for full credibility for aggregate loss is the sum of the standard for claim frequency

and the standard for claim severity.

(iii) The partial credibility is also called the square-root rule. Within the square root, the denomi-

nator is the standard for full credibility of the corresponding risk measure.

Table 2.1: Summary of standards for partial credibility factor Z if Poisson frequency

Loss measures Partial-credibility factor Z

Claim frequency Z =

√
µN
λF

Claim severity Z =

√
N

λF C2
X

Aggregate loss or Pure premium Z =
√

µN
λF (1 + C2

X)

Recall: λF =
(z1−α/2

k

)2

, CX =
σX
µX

and 1 + C2
X =

E(X2)

µ2
X

.

© ACTEX Learning Exam MAS-II Study Manual 
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2.1 Problem Set

Question 2.1. * (4B 1985 Spring #30) The 1984 pure premium underlying the rate equals 1000. The

loss experience is such that the actual pure premium for that year equals 1200 and the number of claims

equals 600.

If 5400 claims are needed for full credibility and the square root rule for partial credibility is used, estimate

the pure premium underlying the rate in 1985.

(Assume no change in the pure premium due to inflation.)

Question 2.2. ** (4B 1986 Spring #35) You are in the process of revising rates.

(i) The premiums currently being used reflect a pure premium per insured of 100. The pure premium

experienced during the two year period used in the rate review averaged 130 per insured.

(ii) The average frequency during the two year review period was 250 claims per year.

Using a full credibility standard of 2500 claims and assigning partial credibility according to the limited

fluctuation credibility approach, what pure premium per insured should be reflected in the new rates?

(Assume that there is no inflation.)

Question 2.3. * (4B 1991 Spring #23 revised) Claim counts for a group follow a Poisson distribution.

The standard for full credibility is 12,000 expected claims. We observed 6,600 claims and a total loss of

12,300,000 for a group of insureds.

If our prior estimate of the total loss is 13,200,000, determine the classical credibility estimate of the total

loss for the group of insureds.

Question 2.4. * (4B 1992 Spring #6 revised) You are given the following information for a group of

insureds:

Prior estimate of expected total losses 20,000,000

Observed total losses 25,000,000

Observed number of claims 10,008

Required number of claims for full credibility 17,792

Using the methods of classical credibility, determine the estimate for the group’s expected total losses

based upon the latest observation.
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Question 2.5. ** (C 2000 Spring #26) You are given:

(i) Claim counts follow a Poisson distribution.

(ii) Claim sizes follow a lognormal distribution with coefficient of variation 3.

(iii) Claim sizes and claim counts are independent.

(iv) The number of claims in the first year was 1000.

(v) The aggregate loss in the first year was 6.75 million.

(vi) The manual premium for the first year was 5.00 million.

(vii) The exposure in the second year is identical to the exposure in the first year.

(viii) The full credibility standard is to be within 5% of the expected aggregate loss 95% of the time.

Determine the limited fluctuation credibility pure premium (in millions) for the second year.

Question 2.6. *** (Exam C 2001 Fall #15) You are given the following information about a general

liability book of business comprised of 2500 insureds:

(i) Xi =
∑Ni

j=1 Yij is a random variable representing the annual loss of the ith insured.

(ii) N1, N2, . . . , N2500 are independent and identically distributed random variables following a negative

binomial distribution with parameters r = 2 and β = 0.2

(iii) Yi1, . . . , YiNi are independent and identically distributed random variables following a Pareto distri-

bution with α = 3 and θ = 1000.

(iv) The full credibility standard is to be within 5% of the expected aggregate losses 90% of the time.

Using classical credibility theory, determine the partial credibility of the annual loss experience for this

book of business.

Question 2.7. ** (C 2003 Fall #35) You are given:

(i) Xpartial = pure premium calculated from partially credible data

(ii) µ = E
[
Xpartial

]
(iii) Fluctuations are limited to ±k of the mean with probability P

(iv) Z = credibility factor

Which of the following is equal to P?

A. Pr
[
µ− kµ ≤ Xpartial ≤ µ+ kµ

]
B. Pr

[
Zµ− k ≤ ZXpartial ≤ Zµ+ k

]
C. Pr

[
Zµ− µ ≤ ZXpartial ≤ Zµ+ µ

]
D. Pr

[
1− k ≤ ZXpartial + (1− Z)µ ≤ 1 + k

]
E. Pr

[
µ− kµ ≤ ZXpartial + (1− Z)µ ≤ µ+ kµ

]
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44 CHAPTER 2. LIMITED FLUCTUATION CREDIBILITY - PARTIAL CREDIBILITY

Question 2.8. * You are given the following information for limited-fluctuation credibility:

(i) Claim frequency follows a Poisson distribution.

(ii) Claim frequency and claim severity are independent.

(iii) The full credibility standard for claim frequency is 400.

(iv) In calculating partial credibility factors, you use µN = N = 100 from the observed data.

(v) The credibility factors for the claim frequency and the claim severity are the same.

Determine the credibility factor for the aggregate loss.

Question 2.9. *** For a block of policies with 900 observed claims, the claim frequency per policy follows

a binomial distribution with m = 4 and q = 0.2. Claim severity follows a Pareto distribution with unknown

parameters. All credibility standards have the same coverage probability and range parameter, k. The

credibility factor for frequency is 0.6511, while the credibility factor for aggregate loss is 0.2987.

What is the coefficient of variation for the severity distribution?

Question 2.10. ** You are provided with the following claims frequency data about the portfolio of a

large commercial auto insurance:

(i) The claims frequency of each vehicle is independently and identically distributed.

(ii) The overall average claims frequency is M = 0.1 per earned car year.

(iii) The limited-fluctuation credibility standard is 1,250 claims.

(iv) In its prior experience, X claims were observed in 2,000 earned car years.

(v) The updated prediction of claims frequency is 0.16 per earned car year using limited-fluctuation

credibility.

Determine X, the number of observed claims from the 2,000 earned car years in its prior experience.

MAS-II past exam questions

Question 2.11. (MAS-II 2018 Fall #6) You are given the following information:

(i) A block of insurance policies had 1,384 claims this period.

(ii) The claims had a mean loss of 55 and variance of loss of 6,010.

(iii) The mean frequency of these claims is 0.085 per policy.

(iv) The block has 21,000 policies.

(v) Full credibility is based on a coverage probability of 98% for a range of within 5% deviation from the

true mean.

You calculate the partial-credibility factor for severity, Zx, and the partial-credibility factor for pure pre-

mium, Zp , using the limited-fluctuation credibility method.

Calculate the absolute difference between Zx and Zp.
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Question 2.12. (MAS-II 2019 Spring #5) You are provided with the following claims frequency data

about the portfolio of a large commercial auto insurer:

(i) The claims frequency of each vehicle is independently and identically distributed.

(ii) The overall average claims frequency is 0.2 claims per earned car year.

(iii) The variance of the hypothetical means is 0.3.

(iv) The expected value of the process variance is 1200.

(v) The limited-fluctuation credibility standard is 1083 claims.

You are asked to change the credibility methodology from limited-fluctuation Bühlmann-Straub for a

policyholder with 200 claims in 1800 earned car years in its prior loss experience.

Calculate the percentage change in the estimate of claims frequency for this policyholder due to the change

in methodology.

Question 2.13. (MAS-II 2019 Spring #6) An insurance company is currently using a limited-fluctuation

credibility approach for a line of business with the following assumptions:

(i) The claim frequency follows a Poisson distribution.

(ii) The mean of the claim frequency is large enough to justify the normal approximation to the Poisson.

(iii) The square root rule is used to determine partial credibility.

(iv) The standard for full credibility is the number of claims at which there is a 99% probability that the

observed aggregate loss is within 5% of the mean.

You are given the following information about a block of 10,000 policies:

(i) The mean claim frequency is 0.12.

(ii) The mean claim seventy is 100.

(iii) The variance of claim severity is 14,400.

Calculate the credibility for this block of policies using the partial credibility method for aggregate loss.
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2.2 Problem Set Solutions

Question 2.1. We are given that 5400 claims are required for full credibility but the actual number of

claims was only 600. Thus the credibility factor is Z =
√

600/5400 = 1/3. The observed rate is 1200 so

the new rate will be

U = ZD + (1− Z)M = (1/3)(1200) + (2/3)(1000) = 1066.67.

Question 2.2. The full credibility standard is given as 2500. The data is based on a total of N =

(2)(250) = 500 claims, so its credibility is Z =
√

500/2500 = 0.4472. For M = 100 and D = 130, the new

rate is U = Z D + (1− Z)M = (0.4472)(130) + (1− 0.4472)(100) = 113.42.

Question 2.3. The credibility factor for claim frequency is

Z =

√
µN
n0

=

√
µN
λF

=

√
6, 600

12, 000
= 0.55.

The estimated total loss is

U = Z D + (1− Z)M = (0.55)(12, 300, 000) + (1− 0.55)(13, 200, 000) = 12, 705, 000.

Question 2.4. The credibility factor is

Z =

√
µN
λF

=

√
10, 008

17, 792
= 0.75.

The estimate for the group’s expected total losses is

U = Z D + (1− Z)M = (0.75)(25, 000, 000) + (1− 0.75)(20, 000, 000) = 23, 750, 000.

Question 2.5. We have α = 1 − 0.95 = 0.05 and thus z1−α/2 = z0.975 = 1.96. The minimum number of

claims needed for the aggregate loss to be fully credible is

n0 = λF (1 + C2
X) =

(
1.96

0.05

)2

(1 + 32) = 15366.4,

Z =

√
µN

λF (1 + C2
X)

=

√
1000

15366.4
= 0.255,

U = Z D + (1− Z)M = (0.255)(6.75) + (0.745)(5) = 5.45.

Question 2.6. We have k = 0.05 and P = 0.9. Find y such that Φ(y) = (1 + P )/2 = 0.95. Hence,

y = 1.645. Using the Pareto formula in Table 1.2, we have 1 + C2
x = 2(α − 1)/(α − 2). For a compound

negative binomial with Pareto severity, the expected number of claims needed for full credibility is

n0 =
(y
k

)2 (
1 + β + C2

X

)
=
(y
k

)2
(
β +

2(α− 1)

α− 2

)
= (1082.41)

[
0.2 +

2(3− 1)

3− 2

]
= 4546.122
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