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Preface

NOTE TO STUDENTS

Please read this preface carefully. It contains very important information that
will help you navigate this manual smoothly!

In 2018, the Society of Actuaries (SOA) added a considerable amount of material on predictive
analytics to the requirements for Associateship in view of the growing relevance of this discipline
to actuarial work. The most significant changes are the introduction of two inter-related exams:
Exam SRM (Statistics for Risk Modeling) and Exam PA (Predictive Analytics). This study
manual prepares you adequately for Exam SRM, but also paves the way for Exam PA.

Theme and Goal

At a high level, Exams SRM and PA share the same theme of working with models—more
specifically, formulating predictive models that suit a given set of data, interpreting the output of
these models, evaluating their performance, choosing the best model according to certain criteria,
and applying the selected model to make predictions for the future. The whole process involves
a sequence of complex and inter-related decisions that can hardly be tested in a multiple-choice
exam environment without advanced computing technology. In Exam PA, you will accomplish
these modeling tasks using a computer equipped with Microsoft Word, Microsoft Excel, R (a
powerful programming language), and RStudio (a convenient platform to implement R).

As a precursor, Exam SRM is a traditional multiple-choice exam that serves to provide you
with the foundational knowledge behind the modeling process and get you up to speed. You
will learn the general tools available for constructing and evaluating models (e.g., training/test
split, cross-validation), and the technical details of specific types of models and techniques
(e.g., generalized linear models, regression-based time series models, decision trees, principal
components analysis and clustering). Multiple-choice questions work here because the objective
of this exam is to ensure that candidates are familiar with the basic predictive analytic concepts
before setting foot in the PA arena. In brief, Exam SRM prepares you for Exam PA.

Exam Administrations

More specifically, Exam SRM is a three and one-half hour computer-based exam consisting of
35 multiple-choice questions. In 2022, it will be delivered via computer-based testing (CBT)
in January, May, and September. Specifics of each testing window (e.g., dates, registration
deadlines) can be found at:
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xvi PREFACE

https://www.soa.org/education/exam-req/exam-day-info/exam-schedules/

The latest syllabus of Exam SRM, available from

https://www.soa.org/globalassets/assets/files/edu/2022/spring/2022-05-exam-srm-syllabus.pdf,

is very broad in scope, covering miscellaneous topics in linear regression models, generalized
linear models, time series analysis, and data mining techniques, many of which are contemporary
topics introduced to the ASA curriculum for the first time. The six main topics of the syllabus
along with their approximate weights and where they are covered in this manual are shown in
the following table.

Relevant Chapters

Topic Range of Weight of ACTEX SRM Manual

1. Basics of Statistical Learning 7.5–12.5% Chapter 4

2. Linear Models 40–50% Chapters 1–5

3. Time Series Models 12.5–17.5% Chapters 6–7

4. Principal Components Analysis 2.5–7.5% Chapter 9

5. Decision Trees 10–15% Chapter 8

6. Cluster Analysis 10–15% Chapter 10

As a rough estimate, you will need at least three months of intensive study to master the
material in this exam. Don’t worry about studying too hard—what you learn here will also be
useful for Exam PA!

Mathematical Prerequisites

It is assumed that you have taken a calculus-based mathematical statistics course (e.g., the
one you use to fulfill your VEE Mathematical Statistics requirement) and are no stranger to
concepts like estimators (maximum likelihood estimators in particular), confidence intervals, and
hypothesis tests. In Exam SRM, we will make use of these concepts to perform point/interval
estimation/prediction and hypothesis tests. There will also be limited instances (mostly in
Chapters 2, 3, and 9) in which you will perform some simple matrix multiplication, which you
should have learned in your linear algebra class. Prior exposure to the R programming language,
used in one of the syllabus textbooks, is not required, however.i

Exam Style

As of January 2022, the SOA has released a total of 57 sample questions, which can be accessed
from

https://www.soa.org/Files/Edu/2018/exam-srm-sample-questions.pdf.

iAccording to the exam syllabus, the “ability to solve problems using the R programming language will not
be assumed. However, questions may present (self-explanatory) R output for interpretation.”

Copyright © ACTEX Learning SRM Study Manual



PREFACE xvii

According to students’ comments, these sample questions are quite indicative of the style of
exam questions you will see on a real exam. Judging by these sample questions, one can say
that most SRM exam questions fall into two categories:

1. Simple computational questions given a small raw dataset or summarized model output
(roughly 1/3 of the exam)

In some exam questions (e.g., Sample Questions 1, 3, 4, 9, 11, 15, 17, 18, 19, 23, 24, 27,
28, 33, 35, 44, 45-48, 51, 54, 55, 57), you will be asked to do some simple calculations
using a small dataset, with a size of not more than 10 observations. While many predictive
analytic techniques in the exam syllabus require computers to implement, the small size
of the dataset makes it possible to perform at least part of the analysis.

You may ask: Why should the SOA make these unrealistic exam questions? Shouldn’t we
all use computer to do the work? Although you probably will not have the chance to per-
form hand calculations in the workplace, these simple computational questions encourage
you to understand the mechanics of the statistical methodology being tested—you need
to know what happens in a particular step of the modeling process and which formulas
to use—and are instructive from an educational point of view.

You may also be given some summarized model output such as tables of parameter es-
timates and/or plots. Then you are asked to perform some simple tasks like interpret-
ing the results of the model, conducting a hypothesis test, making point/interval esti-
mations/predictions, and assessing the goodness of the model, all of which require only
pen-and-paper calculations.

2. [Important!] Conceptual/True-or-false questions (roughly 2/3 of the exam)

One distinguishing characteristic of Exam SRM compared to other multiple-choice ASA-
level exams is that most of the questions in this exam are conceptual (a.k.a. qualitative
and true-or-false) in nature, testing the uses, motivations, considerations, pros and cons,
do’s and don’ts of different predictive models, and their similarities and differences. As
the SOA publicly admitted in the 2019 Annual Meeting & Exhibit,ii

“there are a lot of qualitative questions [in Exam SRM].”

iiSee Slide 9 of https://www.soa.org/globalassets/assets/files/e-business/pd/events/2019/annual-meeting/
pd-2019-10-annual-session-070.pdf.

Copyright © ACTEX Learning SRM Study Manual 
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Sample Questions 2, 5, 6, 7, 8, 10, 12, 13, 14, 16, 20, 21, 22, 25, 26, 29-32, 34, 36-43, 49,
50, 52, 53, 56 all belong to this type of questions. You are typically given three statements
and asked to pick the correct one(s). The five answer choices take a symmetric structure:

TYPICAL FORM OF CONCEPTUAL SRM QUESTIONS

Determine which of the following statements about [...a particular sta-
tistical concept/method...] is/are true.

I. [blah blah blah...]

II. [blah blah blah...]

III. [blah blah blah...]

(A) I only

(B) II only

(C) III only

(D) I, II, and III

(E) The correct answer is not given by (A), (B), (C), or (D).

or

(A) None

(B) I and II only

(C) I and III only

(D) II and III only

(E) The correct answer is not given by (A), (B), (C), or (D).

Do not be under the impression that these conceptual questions must be easy. They can
test the ins and outs of different predictive analytic techniques, some of which are only
briefly mentioned in the syllabus. At times, they can also be controversial: Rather than
an absolute “yes” or “no,” the statement is more a matter of extent. Sadly, if you get any
of Statements I, II, or III incorrect, you will likely be led to an incorrect final answer. By
the way, Answer (E) occasionally turns out to be the right answer—it is not a filler!

Past Pass Rates and Pass Marks

The table overleaf shows the number of candidates, pass rates, and pass marks for Exam SRM
since it was offered in September 2018. Perhaps to your astonishment, the pass rates of Exam
SRM have been anomalously high, being in the 60-75% range, compared to only 40-50% for
typical ASA-level exams. The pass mark is close to 65%, which means that candidates need to
answer about 22 out of 34 graded questions correctly to earn a pass (in the CBT environment,
one or two questions may be pilot questions that are not graded).

Copyright © ACTEX Learning SRM Study Manual 
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Exam # Candidates # Passing Candidates Pass Rate Pass Mark

September 2021 810 592 73.1% 65%

May 2021 843 660 78.3% 65%

January 2021 754 566 75.1% 65%

September 2020 814 627 77.0% 63%

May 2020 278 205 73.7% 63%

January 2020 587 372 63.4% 67%

September 2019 554 411 74.2% 60%

May 2019 410 237 57.8% 67%

January 2019 274 166 60.6% 67%

September 2018 181 116 64.1% 70%

Syllabus Texts

Exam SRM has two required textbooks:

1. Regression Modeling with Actuarial and Financial Applications, by Edward W. Frees, 2010
(referred to as Frees in the sequel)

This is an ambitious textbook that covers a wide range of topics in regression analysis
with a rather traditional treatment. The web page of the book is:

http://instruction.bus.wisc.edu/jfrees/jfreesbooks/Regression%20Modeling/
BookWebDec2010/home.html

If you refer to this book, do remember to check out the errata list, which can be found in
the link above.

2. An Introduction to Statistical Learning: With Applications in R, by Gareth James, Daniela
Witten, Trevor Hastie, and Robert Tibshirani, 2021, second edition, freely available at
https://statlearning.com/ (referred to as ISLR in the sequel)

This highly popular book covers more contemporary predictive models including and
beyond the regression framework. Although written by four renowned statisticians, this
book is designed for non-statisticians and de-emphasizes technical details (formulas and
proofs in particular). In fact, one of the selling points of the book is to facilitate the
implementation of the statistical learning techniques introduced in the book using R.

Among the six topics in the exam syllabus, Frees covers Topics 2, 3, and part of Topic 1, while
ISLR covers Topics 4, 5, 6, and most of Topic 1. These two texts duplicate to a certain extent
when it comes to the chapters on linear regression models. In this study manual, we have
streamlined the material in both texts to result in a coherent exposition without unnecessary
repetition. As far as possible, we have followed the notation in the two texts. You should note
that exam questions can freely use the symbols in the texts without defining the symbols for
you.

Copyright © ACTEX Learning SRM Study Manual 
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What is Special about This Study Manual?

We fully understand that you have an acutely limited amount of study time and that the SRM
exam syllabus is insanely broad. With this in mind, the overriding objective of this study manual
is to help you grasp the material in Exam SRM as effectively and efficiently as possible, so that
you will pass the exam with ease and go on to Exam PA with confidence. Here are some unique
features of this manual:

• The main author of this manual took the initiative to write the SRM exam in January
2019 to experience first-hand what the real exam was like (usually coaches don’t play
-), despite having been an FSA since 2013 (and technically free from exams thereafter!).
Drawing upon his “real battle experience,” we can assure you that this manual is written
from an exam taker’s perspective and the examples/problems are designed in a way that
best prepares you for SRM.

• Each chapter starts by explicitly stating which learning objectives and outcomes of the
SRM exam syllabus we are going to cover, to assure you that we are on track and hitting
the right target.

• The learning outcomes of the syllabus are then demystified by precise and concise ex-
positions synthesized from the syllabus readings, helping you acquire a deep and solid
understanding of the subject matter.

• Formulas and results of utmost importance are boxed for easy identification and memo-
rization.

• Mnemonics and shortcuts are emphasized, so are highlights of important exam items and
common mistakes committed by students.

• While the focus of this study manual is on exam preparation, we take every opportunity to
explain the meaning of various formulas in the syllabus. The interpretations and insights
we provide will foster a genuine understanding of the syllabus material and reduce the
need for slavish memorization. At times, we present brief derivations in the hope that
they can help you appreciate the mathematical structure of the formulas you see. It is
the authors’ belief and personal experience that a solid understanding of the underlying
concepts is always conducive to achieving good exam results.

Copyright © ACTEX Learning SRM Study Manual
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• To succeed in any actuarial exam, the importance of practicing a wide variety of exam-
type problems to sharpen your understanding and develop proficiency, as always, can-
not be overemphasized. This study manual embraces this learning by doing approach
and intersperses its expositions with more than 250 in-text examples and 360 end-of-
section/chapter problems (the harder ones are labeled as [HARDER!]), which are taken/
adapted from relevant SOA/CAS past exams or original, with step-by-step solutions and
problem-solving remarks, to consolidate your understanding and give you a sense of what
you can expect to see in the real exam. Many of the original problems are of the true-
or-false type, which, according to students’ comments, has figured prominently in recent
SRM exams. As you read this manual, exam-taking skills are honed and confidence is
built. As a general guide:

� Study all of the in-text examples and highly recommended end-of-section/chapter
problems (marked with an asterisk (*) for easy identification), paying particular
attention to SRM sample questions.

� Work out a random sample of the non-asterisked end-of-section/chapter problems.
Of course, the more problems you do, the better.

• Although this study manual is self-contained in the sense that studying this manual is
sufficient for the purposes of passing the exam, relevant chapters and sections of the two
syllabus texts are referenced at the beginning of each section for the benefit of those who
like to learn more.

• Six original full-length practice exams designed to mimic the real SRM exam in terms of
style and difficulty conclude this study manual, giving you a holistic review of the syllabus
material.

Exam Tables

In the real exam, you will have access to three statistical tables, namely, the standard normal
distribution, t-distribution, and chi-square distribution tables. They are available for download
from https://www.soa.org/Files/Edu/2018/exam-srm-tables.pdf and will be used quite inten-
sively in Chapters 1, 2, and 7 of this study manual. It is a good idea to print out a copy of these
tables and learn how to locate the relevant entries as you work out examples and problems in
this manual.

SRM vs. PA

As noted earlier, Exam SRM is an important stepping stone to Exam PA, which is a five hour and
fifteen minute computer-based exam offered twice a year, in April and in October. In essence,
Exams SRM and PA are about the same subject, but test it differently. While Exam SRM
emphasizes the theory underlying different predictive analytic techniques, Exam PA applies
and illustrates the theory you learned in Exam SRM to real data by means of computer-based
implementations using R. Some practical considerations are also presented. You will be given
a business project with a series of exam tasks and asked to write a report in Microsoft Word
addressing those tasks. After taking Exam PA, you will see the predictive models you learned
in Exam SRM in action and gain a much more thorough understanding.

Copyright © ACTEX Learning SRM Study Manual 
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Note that ACTEX Learning has released a separate study manual for Exam PA. To learn more,
please check out

https://www.actexmadriver.com/orderselection.aspx?id=453145163.

Flashcards

Many students have found flashcards a useful tool for reinforcing key formulas and concepts.
Flashcards that accompany this study manual are sold separately.
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Chapter 2

Multiple Linear Regression

EXAM SRM LEARNING OBJECTIVES

2. Topic: Linear Models (40-50%)

Learning Objectives

The Candidate will understand key concepts concerning generalized linear mod-

els.

Learning Outcomes

The Candidate will be able to:

b) Estimate parameters using least squares and maximum likelihood.

d) Select an appropriate model, including:

• Variable transformations and interactions

• t and F tests

f) Calculate and interpret predicted values, confidence, and prediction in-

tervals.

OPTIONAL SYLLABUS READING(S)

• Frees, Chapter 3 and Section 6.1

• ISLR, Section 3.2, Subsections 3.3.1-3.3.2

Chapter overview: This chapter extends the discussion in Chapter 1 to the case of more than one
predictor. Such a statistical model linearly relating a response variable to multiple predictors
is aptly called a multiple linear regression (MLR) model, which is a considerable generalization
of an SLR model. Capitalizing on the abundance of information brought by a collection of
predictors, MLR opens the door to many more questions of practical interest that can be
explored and answered in a statistical framework. Examples include:

99
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(i) Are certain predictors useful for explaining the variability of the response variable?

(ii) How should we form the regression function? Is there any interaction between some of the
predictors in explaining the response variable?

(iii) Given several competing MLR models, which one is the best? Under what criterion?

We begin in Section 2.1 with the usual fitting, inference, and prediction issues, which are natural
extensions of the results in Chapter 1 with only notational adjustments. Subtle and unique
aspects of MLR unfold in Sections 2.2 to 2.4. Section 2.2 presents a notion of correlation that
controls for other predictors not of primary interest and more accurately reflects the linear
relationship between two variables. Techniques for quantitatively representing different types
of predictors and their interaction in an MLR model are introduced in Section 2.3. Rigorous
statistical testing procedure based on a generalization of the F-test we first learned in connection
with the ANOVA table is introduced in Section 2.4. Such a generalized F-test allows us to test for
the significance of a subset of predictors and provides statisticians with considerable flexibility
to investigate a wide variety of questions.

EXAM NOTE

Just like Chapter 1, there are usually 3 to 5 questions set on this chapter in a

typical SRM exam.

2.1 From SLR to MLR: Fundamental Results

OPTIONAL SYLLABUS READING(S)

• Frees, Sections 3.1 to Subsection 3.4.2, Subsection 5.5.4, and Section

6.1

• ISLR, Sections 3.1 and 3.2

Model equation. An MLR model is a natural extension of an SLR model in that we employ
more than one predictor to gain a better understanding of the behavior of the response variable.
The primary interest here is how the predictors operate together to influence the response.
Mathematically, the model equation of a generic MLR model is expanded to

y = β0 + β1x1 + β2x2 + · · ·+ βpxp︸ ︷︷ ︸
regression function

+ ε,

where:

• p is the number of predictorsi (p = 1 in SLR)

• β0 is the intercept

iFrees denotes the number of predictors by k while ISLR uses p. In most cases, k and p can be used inter-
changeably (an exception is Section 4.3 of this manual). 
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2.1. FROM SLR TO MLR: FUNDAMENTAL RESULTS 101

• βj is the regression coefficient attached to the jth predictor, for j = 1, . . . ,p

• ε is again the random error term

A sample of n observations is taken in the form of (yi,xi1, . . . ,xip) for the ith observation:

yi = β0 + β1xi1 + β2xi2 + · · ·+ βpxip + εi, where εi
i.i.d.∼ N(0,σ2), i = 1, . . . ,n.

For notational consistency, in the remainder of this manual very often the subscript i is used
to index the observations (from 1 to n) and the subscript j is used to index the predictors
(from 1 to p), so we may write the model equation compactly as yi =

∑p
j=0 βjxij , with xi0 := 1

corresponding to the intercept. The dataset can be displayed in a rectangular form as in Table
2.1, where observations are shown across the rows of the table and the corresponding predictor
variable values are shown across the columns (rectangular data are very common in data science).
The same assumptions concerning the predictors and the random errors as in SLR on page 6
are in force for an MLR model.

Response Variable Predictors

Observation y x1 x2 · · · xp

1 y1 x11 x12 · · · x1p

2 y2 x21 x22 · · · x2p

...
...

...
...

. . .
...

n yn xn1 xn2 · · · xnp

Table 2.1: Typical data structure of an MLR model.

Model fitting. To develop results for MLR, it is often convenient to recast the equation of an
MLR model compactly in terms of matrix notation:

y = Xβ + ε, (2.1.1)

or, on a component-wise basis,

y1

y2
...

yn


=



1 x11 x12 · · · x1p

1 x21 x22 · · · x2p

...
...

...
. . .

...

1 xn1 xn2 · · · xnp





β0

β1
...

βp


+



ε1

ε2
...

εn


,

where: (in this study manual, we use boldface to denote vectors and matrices)

• y is the n× 1 response vector

• X is the matrix (sometimes known as the data matrix or design matrix ) containing values
of the predictors, with the first column of 1’s denoting the intercept
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102 CHAPTER 2. MULTIPLE LINEAR REGRESSION

• β is the vector of p + 1 regression coefficients or parameters, which are to be estimated
and inference is to be made

• ε is the n× 1 vector of random errors

To estimate β, we apply the same least squares techniques and minimize

n∑
i=1

[yi − (β0 + β1xi1 + · · ·+ βpxip)]2 = (y−Xβ)′(y−Xβ),

where the prime “ ′ ” denotes the transpose of a matrix, over β. Differentiating the preceding
function with respect to β by informally treating β as a scalar (paying special attention to
the alignment of vectors and matrices to ensure that all matrix multiplications are dimension-
compatible) and using the product rule, and setting the derivative to the zero vector, we have

−X′(y−Xβ) + [(y−Xβ)′(−X)]′︸ ︷︷ ︸
take transpose to make it a (p+1)×1 vector

= 0 ⇒ −2X′y + 2(X′X)β = 0,

which shows that the least squares estimator (LSE) of β takes the general form:

β̂ = (X′X)−1X′y. (2.1.2)

This formula requires inverting the (p + 1)× (p + 1) matrix X′X, which is hard to perform by
pen-and-paper calculations unless p = 1 (i.e., SLR), in which case

X′X =

 1 1 · · · 1

x1 x2 · · · xn




1 x1

1 x2
...

...

1 xn


=

 n nx̄

nx̄
∑n

i=1 x2
i

 ,

(X′X)−1 = 1
n
∑n

i=1 x2
i − (nx̄)2

∑n
i=1 x2

i −nx̄

−nx̄ n

 = 1
nSxx

∑n
i=1 x2

i −nx̄

−nx̄ n

 ,

X′y =

 nȳ∑n
i=1 xiyi

 ,

and (2.1.2) reduces to

β̂ = (X′X)−1(X′y) = 1
nSxx

∑n
i=1 x2

i −nx̄

−nx̄ n

 nȳ∑n
i=1 xiyi

 =

ȳ − (Sxy/Sxx)x̄

Sxy/Sxx

 ,

which is (1.1.4).

There are several ways a multiple-choice exam question can test (2.1.2):

Type 1. In many old SOA exams, (X′X)−1 is directly given to aid your computations. You

will need to compute X′y =
(∑n

i=1 yi
∑n

i=1 xi1yi · · ·
∑n

i=1 xipyi

)′
, then multiply it by

(X′X)−1 on the left.
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Example 2.1.1.
 

(SOA Course 120 Study Note 120-82-94 Question 11: Given (X′X)−1)
An automobile insurance company wants to use gender (x1 = 0 if female, 1 if male) and
traffic penalty points (x2) to predict the number of claims (y). The observed values of these
variables for a sample of six motorists are given by:

Motorist 1 2 3 4 5 6

x1 0 0 0 1 1 1

x2 0 1 2 0 1 2

y 1 0 2 1 3 5

You are to use the following model:

yi = β0 + β1xi1 + β2xi2 + εi, i = 1,2, . . . ,6

You have determined:

(X′X)−1 = 1
12


7 −4 −3

−4 8 0

−3 0 3


Determine β̂2.

(A) −0.25

(B) 0.25

(C) 1.25

(D) 2.00

(E) 4.25

Solution. The general formula for β̂ is (X′X)−1X′y, where

X′y =



1 1 · · · 1

x11 x21 · · · xn1
...

...
. . .

...

x1p x2p · · · xnp





y1

y2
...

yn


(p=2)=


∑n

i=1 yi∑n
i=1 xi1yi∑n
i=1 xi2yi

 =


12

9

17

 .

By (2.1.2), (irrelevant entries are marked by *)

β̂ = (X′X)−1X′y = 1
12


∗ ∗ ∗

∗ ∗ ∗

−3 0 3




12

9

17

 =


∗

∗

1.25

 . (Answer: (C))
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Type 2. Another type of questions centers on a no-intercept MLR model with p = 2 predictors.
In this case, the matrix X′X is of dimension 2 × 2 and easy to invert using the matrix
formula a b

c d

−1

= 1
ad− bc

 d −b

−c a

 ,

provided that ad− bc ̸= 0. In words, you simply interchange the two entries (a and d) on
the diagonal, put a negative sign on the two off-diagonal entries (b and c), and divide the
transformed matrix by the determinant ad− bc.

Example 2.1.2. (SOA Part 4 May 1983 Question 10: No-intercept MLR model) Adver-
tising expenditures and sales for the last 5 quarters have been as follows:

Quarter Advertising Sales

1 1 4

2 1 5

3 2 6

4 2 7

5 4 8

In quarter 3, a new product was introduced that would influence sales in quarters 3, 4, and
5.

The following model is established:

y = β1x1 + β2x2 + ε

where y = sales, x1 = advertising expenditures, x2 is a variable that is 1 when the new
product is available and 0 otherwise, and ε is an error component.

Find the least squares estimate of β1.

(A) 25/14

(B) 29/16

(C) 33/16

(D) 29/14

(E) 33/14

Copyright © ACTEX Learning SRM Study Manual 



2.1. FROM SLR TO MLR: FUNDAMENTAL RESULTS 105

Solution. The design matrix is X =



1 0

1 0

2 1

2 1

4 1


, so

X′X =

1 1 2 2 4

0 0 1 1 1





1 0

1 0

2 1

2 1

4 1


=

26 8

8 3

 ⇒ (X′X)−1 = 1
14

 3 −8

−8 26

 .

The LSE of β1 is the first component of

β̂ = (X′X)−1X′y = 1
14

 3 −8

−8 26

67

21

 =

 33/14

∗

 . (Answer: (E))

Type 3. If you do need to compute (X′X)−1 in an exam, chances are that X′X is diagonal.
Simply invert the diagonal entries to obtain the matrix inverse. Yes, the dataset needs to
be carefully manipulated for this to happen!

Example 2.1.3. (SOA Course 4 Fall 2001 Question 13: LSE as a weighted average of
response values) You fit the following model to four observations:

yi = β0 + β1x1i + β2x2i + εi, i = 1,2,3,4

You are given:

i x1i x2i

1 −3 −1

2 −1 3

3 1 −3

4 3 1

The least squares estimator of β2 is expressed as β̂2 =
∑4

i=1 wiyi.

Determine (w1,w2,w3,w4).

Copyright © ACTEX Learning SRM Study Manual 



106 CHAPTER 2. MULTIPLE LINEAR REGRESSION

(A) (−0.15,− 0.05,0.05,0.15)

(B) (−0.05,0.15,− 0.15,0.05)

(C) (−0.05,0.05,− 0.15,0.15)

(D) (−0.3,− 0.1,0.1,0.3)

(E) (−0.1,0.3,− 0.3,0.1)

Solution. With X =


1 −3 −1

1 −1 3

1 1 −3

1 3 1

, we have X′X =


4 0 0

0 20 0

0 0 20

, which is diagonal, and

thus (X′X)−1 =


1/4 0 0

0 1/20 0

0 0 1/20

. Then

β̂ = (X′X)−1X′y =


1/4 0 0

0 1/20 0

0 0 1/20




1 1 1 1

−3 −1 1 3

−1 3 −3 1




y1

y2

y3

y4



=


1/4 1/4 1/4 1/4

−3/20 −1/20 1/20 3/20

−1/20 3/20 −3/20 1/20




y1

y2

y3

y4

 ,

i.e., β̂2 = −0.05y1 + 0.15y2 − 0.15y3 + 0.05y4 . (Answer: (B))

Remark. Every LSE must be a linear combination of the response values. See page 116 for
more details.
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Example 2.1.4. (SOA Course 120 November 1990 Question 19: Another diagonal X′X)
You are performing a multiple regression of the form:

yi = β0 + β1xi1 + β2xi2 + εi

You have obtained the following data:

y x1 x2

1 −1 −1

2 1 −1

3 −1 1

4 1 1

Determine β̂0 + β̂1 + β̂2.

(A) 3.5

(B) 4.0

(C) 4.5

(D) 5.0

(E) 5.5

Solution. Since X′X =


4 0 0

0 4 0

0 0 4

 and X′y =


10

2

4

, we have

β̂ = (X′X)−1X′y =


1/4 0 0

0 1/4 0

0 0 1/4




10

2

4

 =


2.5

0.5

1

 .

In particular, β̂0 + β̂1 + β̂2 = 2.5 + 0.5 + 1 = 4 . (Answer: (B))

Type 4. (Most likely in Exam SRM) You are directly provided with the LSEs

β̂ =
(
β̂0 β̂1 · · · β̂p

)′
or other summarized model output, based on which statistical

inference and prediction are performed. You will see more examples of this sort in the
later part of this chapter.

Having found the LSEs from the observed data, we can, as in SLR, compute the fitted values

ŷi = β̂0 + β̂1xi1 + · · ·+ β̂pxip, i = 1,2, . . . ,n,

which, for various values of the xij ’s, determine the fitted regression plane (as opposed to a line
in SLR), and residuals ei = yi − ŷi, for i = 1,2, . . . ,n, which are the difference between the
observed and fitted response values.
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Example 2.1.5. (CAS Exam MAS-I Fall 2018 Question 35: Given a bunch of matrices!)
You are fitting a linear regression model of the form:

y = Xβ + ε; εi ∼ N(0,σ2)

and are given the following values used in this model:

X =



1 0 1 9

1 1 1 15

1 1 1 8

1 1 0 7

1 1 0 6

1 0 0 6


; y =



19

32

19

17

13

15


; X′X =


6 4 3 51

4 4 2 36

3 2 3 32

51 36 32 491



(X′X)−1 =


1.75 −0.20 0.54 −0.20

−0.20 0.84 0.25 −0.06

0.54 0.25 1.38 −0.16

−0.20 −0.06 −0.16 0.04

 ; (X′X)−1X′y =


2.335

0.297

−0.196

1.968



H = X(X′X)−1X′ =



0.684 0.070 0.247 −0.171 −0.146 0.316

0.070 0.975 −0.044 0.108 −0.038 −0.070

0.247 −0.044 0.797 0.063 0.184 −0.247

−0.171 0.108 0.063 0.418 0.411 0.171

−0.146 −0.038 0.184 0.411 0.443 0.146

0.316 −0.070 −0.247 0.171 0.146 0.684


Calculate the residual for the 5th observation.

(A) Less than −1

(B) At least −1, but less than 0

(C) At least 0, but less than 1

(D) At least 1, but less than 2

(E) At least 2

Comments: On first encounter, this question with so many matrices seems intimidating. How-
ever, all you have to do is extract the entries relevant to the 5th observation and perform some
simple calculations.
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